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We obtain an explicit two-point function for the Maxwell field in flat Roberson-Walker spaces,
thanks to a new gauge condition which takes the scale factor into account and assume a simple
form. The two-point function is found to have the short distance Hadamard behavior.
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-Introduction. Despite numerous works on quantum
field in curved spacetimes [1],[2] and the importance of
the flat Robertson-Walker (RW) spacetimes in current
cosmology, it seems that, until recently, the search for a
two-point function for the electromagnetic field in such
spacetimes has been under-looked. In this letter we make
a proposal to fill this gap. Precisely, we derive a two-point
function (whose explicit expression is given by Eq.(13))
for the electromagnetic field in flat RW spacetimes. To
this end we use the Gupta-Bleuler (GB) quantization pro-
cedure and explain why it applies in this context. The
quantization is performed in a covariant gauge (whose
explicit expression is given by Eq.(9)) which reduces to
the Lorenz gauge condition in a Minkowski space.
Two-point functions are of central importance in quan-
tum field theory. In curved spacetimes, explicit expres-
sions are known in a number of cases. For maximally
symmetric spaces, general expressions have been given for
both the scalar and the vector field [3]. The propagator
of the graviton is subject of continuous works especially
in de Sitter and Anti-de Sitter spaces (see for instance [4]-
[6] for recent works). Nevertheless, an explicit expression
for the two-point function of the (quantum) Maxwell field
(the “photon’s propagator”) in RW spaces is seemingly
missing. A recent proposal in conformally flat spacetimes
has been made [7] in which the electromagnetic field ap-
pears as a part of a six-dimensional SO0(2, 4)-invariant
field in a conformally invariant gauge. A quantization
using the Dirac’s procedure for constrained systems has
also been recently proposed in flat RW spacetimes [8].
But no explicit four dimensional two-point function ap-
pears in these two works. In the second one, the choice
of the Dirac’s method is mainly motivated by the al-
leged inapplicability of the GB condition in cosmological
spacetimes. This is related to the fact that this condition
makes explicit use of the annihilation operators, while it
is well known that there is no preferred vacuum state
in a general curved space. This has been the starting
point of a discussion about the possible contribution of
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scalar photons to the dark energy [9]. However, following
Parker [10] the situation of a flat RW space appears as an
exception : since the Maxwell equations are conformally
invariant, the choice of a preferred vacuum state, the so-
called conformal vacuum, is possible in such conformally
flat spacetimes. We will see that the GB condition makes
sense in this context.
The quantization method introduced by Gupta and
Bleuler was designed to the electromagnetic field in the
Lorenz gauge in the Minkowski space. In this origi-
nal application, the classical Maxwell equations are re-
placed by others equations (∂2Aµ = 0) which provide
the modes used in this explicit canonical quantization.
Unfortunately, this process, using the Lorenz gauge in
more general spacetimes, yields equations which are of-
ten intractable in practice. This is precisely the situa-
tion in flat RW spacetimes. Fortunately, the GB pro-
cess can be adapted to others gauges than the Lorenz
one. The difficulty can then be circumvented thanks
to the conformal relation between the flat RW space
and its global Minkowskian chart. That is, the chart in
which the metric is conformal to the Minkowskian met-
ric η = diag(+,−,−,−). The point is that the conformal
map allows us to choose a new gauge condition, in place of
the Lorenz gauge on the flat RW manifold, which is con-
formally mapped to the Lorenz gauge in the Minkowskian
chart. Then, thanks to the conformal invariance of the
Maxwell equations the problem in the Minkowskian chart
is just that of the historical GB method.
-A view of the GB quantization scheme. In this para-
graph we give a concise and practical view of the usual
GB quantization method focusing on the electromagnetic
field. This quantization, historically associated with the
Lorenz gauge, is actually more general and can be, in
particular, applied in other gauges. Essentially, the GB
method can be viewed as an algorithm with the following
steps (commented hereafter):
1) Define a scalar product on the space of the solutions of
the field equations. This product is degenerate if gauge
freedom is present.
2) Extend the space of solutions (by considering a new
field equations) in order to eliminate the degeneracy of
the scalar product.
3)Apply canonical quantization to the field which is so-
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2lution of the extended equations.
4) Select the subspace of physical states, which corre-
spond to the initial (not extended) field equations using
the so-called GB condition.
Note that only the second and the fourth points are
specific to the GB scheme. The others belong to the
standard canonical quantization, which can be presented
in a number of equivalent ways.
In the first step, we consider a general bosonic field A
on a globally hyperbolic curved spacetime. The field is
assumed to satisfy the Euler-Lagrange equations coming
from some quadratic Lagrangian L. Then, a natural her-
mitian sesquilinear form on the space of solutions of the
Euler-Lagrange equations results from the Lagrangian
(see for instance Appendix B of [11] for a proof). For
two solutions A and B it reads
〈A,B〉 = −i
∫
Σ
σµJ µ(A,B∗), (1)
where Σ is a Cauchy surface, and J µ is the divergenceless
current corresponding to L. For the free Maxwell field it
reads:
J µ(A,B) := Aν ∂L
∂∇µBν −
∂L
∂∇µAν Bν . (2)
Note that the general expression (1) is for the free scalar
field nothing but the Klein-Gordon scalar product. In
the case of the Maxwell field the gauge invariance makes
the above scalar product degenerate. This is due to the
gauge solutions which are orthogonal to all solutions in-
cluding themselves. With no additional consideration,
this property prohibits the canonical quantization.
The second step is the first part specific to the GB pro-
cedure. It amounts to find equations EA = 0 which are
the Euler-Lagrange equations derived from a quadratic
Lagrangian L′ and which satisfy the two following con-
ditions. First, the space of solutions of EA = 0 can
be equipped with a non degenerate hermitian product.
Second, these equations together with some constraint
CA = 0 are equivalent to the Maxwell equationsMA = 0
together with a (most frequently covariant) gauge condi-
tion GA = 0. Thus, the spaces of solutions of EA = 0
and MA = 0 coincide on the subsets defined by their
respective constraint:
(EA = 0 and CA = 0)⇔ (MA = 0 and GA = 0). (3)
In the historical case, for instance, one has EAµ = ∂2Aµ,
CA = GA = ∂ ·A and MAµ = ∂2Aµ − ∂µ(∂ ·A).
Then, the third step consists in quantizing the field
defined through the equation EA = 0. This part fol-
lows the canonical quantization scheme and is not spe-
cific to the GB method. In curved spacetimes it thus
shares all the well known difficulties of the quantization.
In practice, it is performed (when possible) through the
following steps (see for instance [2]): first find a basis of
modes solutions of the equation EA = 0 with respect to
the (non-degenerate) scalar product, and then determine
(choose) the so-called positive frequency modes. From
them, one obtains the annihilation (and creation) op-
erators, the vacuum, the quantum field, the two-point
functions . . .
Finally, the last step of the GB scheme is to determine
the physical states. These are the states which corre-
spond to the classical positive frequency solutions sat-
isfying the constraint CA = 0. They can be determined
thanks to the so-called GB condition. It reads in general:
CÂ(+)|ΨA〉 = 0, (4)
(see for instance Appendix B of [12] for this straight-
forward generalization of the historical condition
∇Â(+) |ΨA 〉 = 0). In this expression the operator Â(+)
is the annihilator part of the quantum field Â and |ΨA 〉
the state corresponding to the classical solution A (that
is 〈 0| Â(x) |ΨA 〉 = A(x)). Finally, the quantum field Â
fulfills (3) in the mean on physical states:
〈ΨA1 |MÂ|ΨA2〉 = 0 and 〈ΨA1 |GÂ|ΨA2〉 = 0, (5)
as soon as |ΨA1 〉, |ΨA2 〉 are physical states.
It is worth noting that the well known ambiguity in
the definition of a vacuum in curved spacetimes, affects
the GB method both in the quantization of the field and
in the determination of the physical states. Nevertheless,
we will argue in the following that in the particular case
of flat RW spacetime, for which the choice of the so-called
conformal vacuum is possible, the GB procedure is still
applicable.
-Lesson from Lorenz gauge quantization First, let us
attempt to apply the procedure just described to quan-
tize the Maxwell field in the Lorenz gauge ∇ ·A = 0 in a
conformally flat RW space. We first enlarge the space of
solutions of the Maxwell equations to that of the equa-
tions
Aµ +RνµAν = 0. (6)
These equations can be obtained as usual by adding the
gauge term 12 (∇ ·A)2 to the Lagrangian of electromag-
netism 14F
2, where F is the Faraday field strength ten-
sor. In the Lorenz gauge they coincide with the Maxwell
equations. We then have to determine a basis of modes
solution of (6). One may attempt to take advantage of
the conformal flatness of the spacetime. To this end let
us call Minkowskian coordinates, the global coordinates
system in which the RW metric element assumes the form
ds2 = a2(τ)(dτ2 − dx2). (7)
In that system of coordinates the Eqs. (6) reads
∂2Aµ −Wµ∂ ·A+ (∂µ −Wµ)W ·A = 0, (8)
where W := d ln a2. Unfortunately, we didn’t succeed
in finding a family of modes solutions of the Eqs. (8).
Consequently, we cannot explicitly complete the quanti-
zation process, although quantization is still theoretically
possible [13].
3Let us remark that the one-form W , which appears in
Eq. (8), is generally defined by W := d ln Ω2, for a real
positive conformal factor Ω(x). In the system of coordi-
nates used in (7) one has Ω(x) = a(τ) and the only non-
vanishing component of W is Wτ = 2H, two-times the
comobile Hubble factor. Throughout this letter, we nev-
ertheless keep the general notationW since the derivation
of all the expressions in which W appears do not make
use of the exclusive dependence in τ , they are still valid
for a := a(x).
Now, the above unsuccessful attempt leads us to a
practicable route. Indeed, a look at Eqs. (8) makes obvi-
ous that the conformal flatness do not leads to much sim-
plification here. Let us consider more closely the equa-
tions (6) and (8) by themselves. The equations (8) are
simply (6) written in the Minkowskian system of coor-
dinates. Now, it is straightforward to show that the
Eqs. (8) can also be obtained by adding to the usual
Lagrangian of electromagnetism in Minkowski space the
gauge fixing term 12 (∂ ·A+W ·A)2. In short, to write
the Maxwell equations in Lorenz gauge in the RW space is
equivalent to write the Minkowskian Maxwell equations
in the gauge ∂ ·A+W ·A = 0.
The point is that to write equations over the RW
manifold in the global Minkowskian chart in which the
Robertson-Walker metric element is (7), is equivalent to
perform a conformal transformation (see for instance [2])
between the RW space and a Minkowski space. That
is, a Weyl rescaling between the metric manifolds (R4, g)
and (R4, η), where g and η are respectively the RW and
the Minkowskian metric diag(+,−,−,−). Under such a
rescaling, the Maxwell equations are invariant and a form
field solution A is mapped to itself since its so-called con-
formal weight is zero. In fact, the rescaling map induces a
transport of all mathematical objects (fields, operators,..)
between structures defined on the spacetimes. In partic-
ular, even the equations which are not conformally in-
variant can be moved between spaces. With this point of
view, to quantize the Maxwell equations in Lorenz gauge
in RW spacetime is equivalent to quantize the Maxwell
equations (since they are conformally invariant) in the
Weyl rescaled gauge ∂ ·A+W ·A = 0 in the Minkowski
space.
Finally, the lesson from the unsuccessful Lorenz gauge
quantization is that if one wishes to obtain a two-point
function, one may recognize that the Lorenz gauge con-
dition in the RW space is not the best choice. Since the
Maxwell equations in Lorenz gauge in Minkowski space
are well known, it is far more convenient to start from a
gauge condition in RW space which reads as the Lorenz
gauge in the Minkowskian coordinates (or equivalently
which is conformally mapped to the Lorenz gauge in the
Minkowski space). We take this approach in the sequel.
-Quantization in the W -gauge The Lorenz gauge con-
dition in Minkowski space can be conformally lifted to
the RW space where it reads
∇ ·A−W ·A = 0, (9)
or, specializing to the case a = a(τ):
∇ ·A = 2HAτ .
As explained in the previous section, we quantize the
Maxwell equations on RW spaces in the above W -gauge,
because in the Minkowskian system it reduces to the his-
torical GB quantization in Minkowski space in Lorenz
gauge. From the point of view of conformal transforma-
tions, this amounts to pull back in RW space the whole
structure (enlarged space of solutions, basis of modes,
two-point function, etc.) involved in the quantization
process. Let us consider this construction step by step.
Due to the gauge invariance, the scalar product ob-
tained from the Lagrangian, over the space of solutions
of the Maxwell equations is degenerate. Following the GB
method one first enlarges the space of solutions. This is
done by adding to the Lagrangian of electromagnetism
the gauge term 12 (∇ ·A−W ·A)2. The Euler equations
then read
(MA)µ + (∇µ +Wµ)(∇−W ) ·A = 0, (10)
where we have set (MA)µ := Aµ −∇µ∇ · A + RνµAν .
The space of solutions of (10) is endowed with the scalar
product (1) derived from the gauge fixed Lagrangian. In-
spection of (10) makes obvious that the subset of solu-
tions of (10) defined through the gauge condition (9) are
solution of the Maxwell equations.
The next step in the quantization procedure is to find a
basis of modes for the Eqs. (10). To this end they are ex-
pressed in the Minkowskian chart, which is equivalent to
perform a Weyl rescaling, and they become ∂2Aµ = 0, as
expected from the consideration of the previous section.
Then the modes are, in the Minkowskian coordinates, the
familiar exponentials, they reads
Φ
(λ)
k,µ := 
(λ)
µ (k)
1
(2pi)3
√
2ωk
exp {−i(ωkτ − k · x)}, (11)
with k0 =‖ k ‖=: ωk, the forms {(λ)(k)} being the po-
larization basis.
It is crucial to remark that, although (10) is not
conformally invariant, it is the conformal lift of the
Minkowskian equation ∂2Aµ = 0. Consequently, the
above functions are modes of both equations ∂2Aµ = 0
and (10). In addition, these modes are of positive fre-
quency with respect to the time-like Killing vector field
of Minkowski space ∂τ . Since the RW space is confor-
mally flat, ∂τ is also a time-like conformal Killing vector
of the RW spacetime. The modes (11) are thus posi-
tive frequency with respect to the conformal time which
means that the vacuum they define is the so-called con-
formal vacuum.
It is known that the {Φ(λ)k,µ} form a basis of the space of
solutions of ∂2Aµ = 0 endowed with the indefinite scalar
product derived through (1) from the Minkowskian La-
grangian LM = 14F
2 + 12 (∂ ·A)2. They also form a basis
of the space of solutions of Eqs. (10) endowed with the
4indefinite scalar product derived from RW Lagrangian
LRW = 14F
2 + 12 (∇ ·A−W ·A)2. Indeed, these two
spaces of solutions are identical. This can be seen as
follow. First, since the conformal weight of the electro-
magnetic field is zero, these spaces of solutions, contain
the same functions. Then, the scalar products defined
on them through (1) are equal. In fact, the conformal
relation between spacetimes implies that LRW = a−4LM .
Consequently, using the definition (2) of J µ and again
the fact that the electromagnetic field is of null con-
formal weight, one obtains J µRW (A,B) = a−4J µM(A,B).
Since the surface form σµ in (1) scales as
√
g, one has
σRWµ = a
4σMµ . Finally, taking into account that a Cauchy
surface Σ defined in the RW spacetime is also a Cauchy
surface in the Minkowski chart, one obtains, through the
definition (1), that 〈A,B〉RW = 〈A,B〉M .
Once a basis of modes solutions is known, the Wight-
man two-point function can be obtained straightfor-
wardly. If one chooses, as usual, a polarization basis such
that ηµν
(λ)
µ 
(ρ)
ν = ηλρ the two-point function takes the
familiar Minkowskian form
Dµν(x, x
′) = −ηµνD(s)M (x, x′). (12)
In this expression, x and x′ denotes two points of the RW
spacetime whose Minkowskian Cartesian coordinates are
(τ, xi) and (τ ′, x′i) and D(s)M (x, x′) is the two-point func-
tion for the conformal scalar field in Minkowski space.
Using the Weyl rescaling, and taking into account that
the conformal weight of the conformal scalar is −1, this
expression reads Dµν(x, x
′) = −ηµνa(x)D(s)(x, x′)a(x′),
where D(s)(x, x′) = a−1(x)D(s)M (x, x′)a−1(x′) is the two-
point function for the conformal scalar field in RW space.
Finally, taking into account the manifest symmetry of
Dµν(x, x
′) in (12), one obtains a more intrinsic expres-
sion for this two-point function in RW spacetime, namely
Dµν(x, x
′) = −1
2
(
gµν
a2
+
g′µν
a′2
)
aa′D(s)(x, x′), (13)
where for brevity we have denoted by a prime the quanti-
ties which has to be evaluated at the point x′. The above
expression is our central result.
It is worth noting that this two-point function has the
Hadamard behavior. Inspection of (13) shows that the
short distance behavior is that of D(s)(x, x′). Then since
D(s)(x, x′) = a−1(x)D(s)M (x, x′)a−1(x′) the result follows
from the fact that σRW (x, x
′) ' a2(x)σM(x, x′) for x close
to x′, the quantities σRW , and σM being the half of the
square of geodesic length between two points x and x′ in
their respective spacetimes (see for instance[14]).
Finally, the basis of modes (11) also allows us to de-
fine the quantum field Â in the usual way through the
expansion over the modes. Then the Fock space is built
using the standard procedure. The important point here
is that the conformal flatness of the RW spacetime al-
lows, thanks to the existence of a time-like Killing vec-
tor field ∂τ in Minkowski space, to unambiguously define
positive frequency modes. These modes allows in turn
to define unambiguously annihilation (and creation) op-
erators and consequently a preferred vacuum state: the
conformal vacuum. This is a well known result of Parker
[10], [1].
As a consequence, the GB condition (4) which define
the subspace of physical states is also meaningful. In the
W -gauge (9) it reads
(∇−W ) ·A(+) |ΨA 〉 = 0,
where A(+) is the annihilator part of the quantum field.
This field fulfills the Maxwell equations together with the
W -gauge condition, in the mean on physical states (5).
This is not in agreement with the starting point of [8]
and [9]. However, let us emphasize that the GB condition
applies in flat RW spacetimes due to the existence of a
conformal vacuum. On the contrary this condition can
loose its meaning in general curved spacetimes where the
definition of the vacuum is ambiguous.
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